Abstract. We introduce system S 2 0 E, a bounded arithmetic corresponding to Buss's S 2 0 with the predicate E which signifies the existence of the value. Then, we show that we can Σ b 2 -define truthness of S 2 0 E and therefore we can prove consistency of S 2 0 E in S 2 2 . Finally, we conjecture that
2.
A bounded arithmetic S 0 2 E using explicit congruence operator E Definition 1 (Language of S 0 2 E). Language of S 0 2 E consists of the following symbols.
• constant 0 • For terms t 1 , . . . , t n and n-ary predicate symbol p, pt 1 . . . t n and ¬pt 1 . . . t n are formulas. We often use t = u and t ≤ u to denote ¬t = u and ¬t ≤ u respectively.
• If φ and ψ are formulas, φ ∨ ψ and φ ∧ ψ are formulas.
• If φ is a formula , t ≡ |u| is a sharply bounded term and x is a variable, the form ∀x ≤ tφ is a formula. We say quantifier in the form ∀x ≤ |t| sharply bounded.
• If φ is a formula, t is a term and x is a variable, the form ∃x ≤ tφ is a formula. We call a formula in the form pt 1 . . . t n (p : predicate, t 1 , . . . , t n : terms) atomic where i = 1 . . . n. Equality axioms:
where i = 0 or 1. Separation axioms:
Inequality axioms:
Defining axioms: Cond:
Ex → parity(s 1 x) = 1 (34) +: Logical rules: ¬-rules:
where p is a n-ary predicate.
where x does not appear in Γ, ∆ and t. ∃-rules: 
If the roof of b-valuation tree w has a form ⌈t⌉, c , we say the value of w is c. 
Lemma 2. The following statements are provable in S
Definition 8. Assume that φ is a quantifier free formula of S 0 2 E. We define b-truth tree bounded by u of φ( a) as a tree w satisfying the following condition.
(1) All nodes of w has a form ⌈ψ⌉, ǫ .
For the case of that the leaf has a form
For the case of that the leaf has a form 
Proof. Only (8) is non-trivial. (8) is proved by induction on the construction of φ. Using (6), (7), it is proved by considering the case where φ is atomic. But if φ is atomic, the proof is handled by Clause (4) of Lemma 2.
Definition 9. φ( a) is called pure 1-form if and only if it has a form
where A is quantifier-free and does not contain predicate E. Formula ψ are called 1-form if it is subformula of a formula in pure 1-form, i.e.
• ψ is in pure 1-form, or • ψ has a form ∀x ≤ |t( a)|A( a, x) where A is quantifier-free and does not contain predicate E, or • ψ is quantifier-free and does not contain predicate E.
Definition 10. T (u, ⌈φ( a)⌉, b) is defined as the formula stating "⌈φ( a)⌉ is a Gödel number of 1-form or formula in a form Et and one of the following clauses holds.
• φ( a) is in the form
4. Soundness and consistency proof of S 
where ⊖ is a bit-subtraction and ⊕ is a bit-concatenation. Furthermore, this is derivable in S
Hence, r satisfies (41). Axioms: We distinguish different cases based on which axiom the sequent is a substitution instance of. Let ρ ≤ u#2 kr and assume
Hence r satisfies (41).
. By definition 8 of T 0 , there is ρ-truth tree w bounded by u. Only node of w consists of ⌈pt 1 . . . t n ⌉, 1 . By definition it is the case only when ∃c ≤ u
is treated similarly as above. Equality axioms:
Since c = c, there is ρ-truth tree w bounded by u which consists of single node ⌈t = t⌉, 1 . Hence T 0 (u ′ , ⌈t = t⌉, ρ) and therefore T (u ′ , ⌈t = t⌉, ρ). By Lemma 5, T (u ′ ⊕ r, ⌈t = t⌉, ρ). Hence r satisfies (41).
. By Lemma 5, T (u ′ ⊕ r, ⌈t 1 = t 3 ⌉, ρ). Hence r satisfies (41).
Hence r satisfies (41). Separation axioms:
The cases of s 0 ad Et → s 0 t = s 1 t are similar. Inequality axioms:
. Defining axioms Cond:
Assume that T (u ′ , ⌈Et 1 ⌉, ρ) and T (u ′ , ⌈Et 2 ⌉, ρ). Therefore we have a ρ-evaluation tree w 1 of term t 1 and w 2 of t 2 . Using w 1 and w 2 , we can construct ρ-evaluation tree of Cond(0, t 1 , t 2 ). Hence, ∃c ≤ u 
Defining axioms S:
Since T (1, ⌈S0 = s 1 0⌉, ρ), we have done.
, we have an ρ-valuation tree w of s 1 t bounded by u ′ . Using w, we can construct ρ-valuation tree of Ss 0 t and s 1 t bounded by u ′ . By clause (1) of Lemma 2, values of both trees are equal. Hence T (u ′ , ⌈Ss 0 t = s 1 t⌉, ρ). Since u ′ ≤ u ′ ⊕ r, by Lemma 5, we have done. ES|t| → |s 0 t| = Cond(t, 0, S|t|) By T (u ′ , ⌈ES|t|⌉, ρ), we have an ρ-valuation tree w of t bounded by u ′ . From w, we can construct ρ-valuation tree w 1 of |s 0 t| and w 2 of Cond(t, 0, S|t|) bounded by s 0 u ′ . By clause (1) of Lemma 2, the values of w 1 and w 2 are equal. Hence, T (s 0 u ′ , ⌈|s 0 t| = Cond(t, 0, S|t|)⌉, ρ).
ES|t| → |s 1 t| = S|t| Analogous to the proof above. 
Analogous to the proof above. Defining axioms ⊞:
. Then, we have an ρ-valuation tree w of t bounded by u ′ . Hence we have an ρ-valuation tree w 1 of t ⊞ 0 bounded by u ′ . By clause (1) of Lemma 2, both values of w and w 2 are equal.
Assume T (u ′ , ⌈Es 0 (t 1 ⊞ t 2 )⌉, ρ). Then, we have an ρ-valuation tree w of Es 0 (t 1 ⊞t 2 ) bounded by u ′ . By manipulating w, we can construct ρ-valuation tree w 1 of t 1 ⊞s 0 t 2 and w 2 of Cond(t 2 , t 1 , s 0 (t 1 ⊞t 2 )) bounded by u ′ . By clause (1) of Lemma 2, the values of w 1 and w 2 are equal.
Analogous to the proof above. Defining axioms #:
Assume T (u ′ , ⌈Et⌉, ρ). Then, we have an ρ-valuation tree w of t bounded by u ′ . From w, we can construct ρ-valuation tree w 1 of t#0 bounded by u ′ . By axioms (of S   2 2 ), the value of w 1 is 1. The valuation tree w 2 of 1 is bounded by 1. Hence T (max{u ′ , 1}, ⌈t#0 = 1⌉.ρ). Since
. Then, we have an ρ-valuation tree w of (t 1 #t 2 ) ⊞ t 1 bounded by u ′ . Manipulating w, we have ρ-valuation tree w 1 of t 1 #s 0 t 2 bounded by max{s 0 u ′ , 1} and a ρ-valuation tree 
Analogous to the proof above. Defining axioms parity:
Since T (0, ⌈parity(0) = 0⌉, ρ), we have done.
Et → parity(s 0 t) = 0 . Assume T (u ′ , ⌈Et⌉, ρ). Then, we have an ρ-valuation tree w of t bounded by u ′ . From w, we can construct ρ-valuation tree w 1 of parity(s 0 t) bounded by s 0 u ′ . By clause (1) of Lemma 2 we can reason that the value of w 1 equals 0. Hence we have T (s 0 u ′ , ⌈parity(s 0 t) = 0⌉, ρ). Since s 0 u ′ ≤ u ′ ⊕ r and by Lemma 5, T (u ′ ⊕ r, ⌈parity(s 0 t) = 0⌉, ρ).
Et → parity(s 1 t) = 1 Assume T (u ′ , ⌈Et⌉, ρ). Then, we have an ρ-valuation tree w of t bounded by u ′ . From w, we can construct ρ-valuation tree w 1 of parity(s 1 t) bounded by max{s 1 u ′ , 1}. By clause (1) of Lemma 2, the value of w 1 equals 1. Hence we have T (max{s 1 u ′ , 1}, ⌈parity(s 0 t) = 0⌉, ρ). Since max{s 1 u ′ , 1} ≤ u ′ ⊕ r, T (u ′ ⊕ r, ⌈parity(s 1 t) = 1⌉, ρ) by Lemma 5.
Defining axioms +:
Et → t + 0 = t Assume T (u ′ , ⌈Et⌉, ρ). Then, we have an ρ-valuation tree w of t bounded by u ′ . From w, we can construct ρ-valuation tree w 1 of t + 0 bounded by u ′ . By axioms (of S 2 2 ), the value of w 1 equals to w. Hence T (u ′ , ⌈t + 0 = t⌉.ρ). Since u ′ ≤ u ′ ⊕ ρ, by Lemma 5 T (u ′ ⊕ r, ⌈t + 0 = t⌉, ρ). 
